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a b s t r a c t
A dynamic coloring of a graph G is a proper coloring such that, for every vertex v ∈ V (G)
of degree at least 2, the neighbors of v receive at least 2 colors. In this paper, we present
some upper bounds for the dynamic chromatic number of graphs. In this regard, we shall
show that, for every k-regular graph G, χ2(G) ≤ χ(G)+ 14.06 ln k+ 1. Also, we introduce
an upper bound for the dynamic list chromatic number of regular graphs.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
LetH be a hypergraph. The vertex set and the hyperedge set ofH are given as V (H) and E(H), respectively. Themaximum
degree and the minimum degree of H are denoted by∆(H) and δ(H), respectively. For an integer l ≥ 1, we denote by [l] the
set {1, 2, . . . , l}. A proper l-coloring of a hypergraph H is a function c : V (H) −→ [l] in which there is no monochromatic
hyperedge in H . We say that a hypergraph H is t-colorable if there is a proper t-coloring of it. For a hypergraph H , the
smallest integer l such that H is l-colorable is called the chromatic number of H and is denoted by χ(H). Note that a graph
G is a hypergraph such that the cardinality of each e ∈ E(G) is 2. We say that a graph G is t-critical if χ(G) = t and any
proper induced subgraph of G has chromatic number strictly less than t . For a vertex v ∈ V (G), N(v) is the set of all vertices
adjacent to v and degT (v) is the number of neighbors of v that lie in T ⊆ V (G), i.e., the cardinality of N(v) ∩ T .
A proper vertex l-coloring of a graphG is called a dynamic l-coloring [11] if, for every vertex u of degree at least 2, there are
at least two different colors appearing in the neighborhood of v. The smallest integer l such that there is a dynamic l-coloring
of G is called the dynamic chromatic number of G and is denoted by χ2(G). Obviously, χ(G) ≤ χ2(G). Some properties of
dynamic coloring were studied in [1,6,7,11,10]. It was proved in [7] that, for a connected graph G, if∆ ≤ 3, then χ2(G) ≤ 4
unless G = C5, in which case χ2(C5) = 5, and if ∆ ≥ 4, then χ2(G) ≤ ∆ + 1. It was shown in [11] that the difference
between the chromatic number and the dynamic chromatic number can be arbitrarily large. However, it was conjectured
that for regular graphs the difference is at most 2.
Conjecture 1 ([11]). For any regular graph G, χ2(G)− χ(G) ≤ 2.
Also, it was proved in [11] that, if G is a bipartite k-regular graph, k ≥ 3 and n < 2k, then χ2(G) ≤ 4.
Let l be a positive integer. For a graph G, L is called an l-list assignment for G if, for each vertex v ∈ V (G), L(v) is an
l-set of available colors at v. An L-coloring is a proper coloring c such that c(v) ∈ L(v), for each v ∈ V (G). The graph G
is l-list colorable if, for every l-list assignment L to the vertices of G, G has a proper L-coloring. The list chromatic number,
ch(G), is the minimum number l such that G is l-list colorable. The list dynamic chromatic number of a graph G, ch2(G), is the
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minimum positive integer l such that, for every l-list assignment, there is a dynamic coloring of G such that every vertex of
G is colored with a color from its list. Clearly, the dynamic list chromatic number of graphs is a common generalization of
both the dynamic chromatic number and the list chromatic number of graphs, and also χ2(G) ≤ ch2(G). It was proved in [1]
that, for a connected graph G, if ∆(G) ≥ 3, then ch2(G) ≤ ∆(G) + 1, and if ∆(G) ≤ 3, then ch2(G) ≤ 4 except G = C5, in
which case ch2(C5) = 5.
In a graph G, a set T ⊆ V (G) is called a total dominating set in G if, for every vertex v ∈ V (G), there is at least one vertex
u ∈ T adjacent to v. The set T ( V (G) is called a double total dominating set if T and its complement V (G) \ T are both total
dominating.
2. Results
Let n be a positive integer and 0 ≤ p ≤ 1 be a constant. The random graph G(n, p) is a probability space over the set
of graphs on the vertex set {1, 2, . . . , n} determined by Pr({i, j} ∈ G) = p with these events mutually independent. For a
property P , we say that almost all graphs in G(n, p) have this property, if limn→∞ Pr(G ∈ P ) = 1.
Assume that each vertex of a graph G appears in some triangles. It is clear that χ2(G) = χ(G). We shall use this simple
result to prove the next theorem.
Theorem 1. Let 0 < p < 1 be a constant. Almost all graphs in G(n, p) have the same chromatic and dynamic chromatic number.
Proof. We show that, for almost all graphs G ∈ G(n, p), every vertex v ∈ V (G) appears in some triangles. Consider the
complete graph Kn with V (Kn) = [n]. Let v be an arbitrary vertex in V (G). Consider
 n−1
2

edge disjoint triangles in Kn such
that they all have the vertex v. Note that no vertex, except v, is in more than one triangle. Define Av to be the event that
none of these triangles is contained in G. Clearly, Pr(Av) ≤ (1− p3) n−22 . As n(1− p3) n−22 −→ 0, the proof is completed. 
Let H be a hypergraph. The concept of 2-colorability of hypergraphs has been studied in the literature and has lots of
applications in some other concepts of combinatorics. Hereafter, we want to make a connection between the 2-colorability
of hypergraphs and the dynamic chromatic number of graphs. The next theorem is proved in [9].
Theorem 2 ([9]). Let H be a hypergraph inwhich every hyperedge contains at least k points andmeets atmost d other hyperedges.
If e(d+ 2) ≤ 2k, then H is 2-colorable.
It was shown in [11] that for any t ≥ 2 there is a family of t-colorable graphs such that the difference between the chromatic
and dynamic chromatic numbers, in this family, is unbounded. The next theorem states that if∆(G) and δ(G) are not so far
from each other then the chromatic and dynamic chromatic numbers are not far from each other.
Lemma 1. Let G be a graph such that e(∆2(G)−∆(G)+ 2) ≤ 2δ(G). Then χ2(G) ≤ 2χ(G).
Proof. Define a hypergraph H whose vertex set is the same as the vertex set of G and its hyperedge set is defined as follows.
E(H) def= {N(v)|v ∈ V (G)}.
Clearly, for any f ∈ E(H), δ(G) ≤ |f | ≤ ∆(G) and∆(G) = ∆(H). Therefore, it is clear that f meets at most∆(G)(∆(G)− 1)
other hyperedges. By considering Theorem 2, H is 2-colorable. Let f be a 2-coloring of H and c be a χ(G)-coloring of G. It is
readily seen that h = (f , c) is a 2χ(G)-dynamic coloring of G. 
Note that, when G is a k-regular graph and k ≥ 7, Lemma 1 implies that χ2(G) ≤ 2χ(G). It was shown by Thomassen [12]
that, for any k-uniform and k-regular hypergraph H , if k ≥ 4, then H is 2-colorable.
Assume that H is a k-uniform hypergraph and that ∆(H) ≤ k. One can construct a hypergraph H ′ ⊇ H such that H ′ is
k-uniform and k-regular as follows. If δ(H) = k, then H ′ = H . Assume that H i is constructed and that k − δ(H i) = t > 0.
Consider H∗ to be a hypergraphwhich is a union of k disjoint copies of H i. For each vertex v ∈ V (H i)with degree less than k,
consider an edge f that consists of all k copies of v in H∗. Add all these new edges to H∗ and name the hypergraph obtained
H i+1. Note that k−δ(H i+1) = t−1, and thereforeH ′will be constructed in finite steps. Therefore, any k-uniform hypergraph
H (k ≥ 4) that has the maximum degree at most k is 2-colorable. Note that, for any connected graph G, χ2(G) ≤ ∆(G)+ 1
unless G = C5, in which case χ2(C5) = 5 (see [7]). Regarding the above discussion and the proof of Lemma 1, we have the
next corollary.
Corollary 1. For any k-regular graph G, χ2(G) ≤ 2χ(G).
In the next lemma, we shall find a relationship between (double) total dominating sets and the dynamic coloring of
graphs.
Lemma 2. Let G be a graph.
1. If e(∆2(G)−∆(G)+ 2) ≤ 2δ(G) and there is a total dominating set T ( V (G), then χ2(G) ≤ χ(G[V \ T ])+ 2χ(G[T ]).
2. If G has a double total dominating set T ⊆ V (G), then χ2(G) ≤ χ(G[V \ T ])+ χ(G[T ]).
Proof. For convenience, let χ(G[T ]) = s.
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(1) Assume that H is a hypergraph with the vertex set T and the hyperedge set defined as follows.
E(H) def= {N(u)| N(u) ⊆ T , u ∈ V (G)}.
By the proof of Lemma 1, H is 2-colorable. Assume that c is an s-coloring of G[T ] and f is a 2-coloring of H . Obviously,
h′ def= (c, f ) is a 2s-coloring of G[T ]. Consider the coloring h of G in which the restriction of h to T is the same as h′ and the
vertices in G[V \ T ] are colored with the colors that are not used in h′. One can easily check that h is a dynamic coloring of G.
(2) Let f be a χ(G[T ])-coloring of G[T ]with colors 1, 2, . . . , χ(G[T ]) and g be a χ(G[V \ T ])-coloring of G[V (G) \ T ]with
colors s+1, s+2, . . . , s+χ(G[V \T ]). Now, let h(u) def=

f (u) u ∈ T
g(u) u ∈ V (G) \ T . It is easy to see that h is a dynamic coloring ofG. 
Erdős and Lovász [3] proved a very powerful lemma, known as the Lovász Local Lemma.
The Lovász Local Lemma ([2]). Let A1, A2, . . . , An be evens in an arbitrary probability space. Suppose that each event Ai is
mutually independent of a set of all Aj but at most d of the other events and Pr(Ai) ≤ p for all 1 ≤ i ≤ n. If ep(d+ 1) ≤ 1, then
Pr
n
i=1 A¯i

> 0.
The Lovász Local Lemma is a tool that enables one to show that certain events hold with positive probability. In the next
theorem, we use the Lovász Local Lemma to present an upper bound for the dynamic chromatic number of k-regular graph
G in terms of k and χ(G).
Theorem 3. For any k-regular graph G, χ2(G) ≤ χ(G)+ ⌊14.06 ln k⌋ + 1.
Proof. Define p = 7.03 ln kk . Consider a random set T such that each vertex u lies in T with probability p, randomly and
independently. Assume that, for each vertex u, the random variable Xu is the number of neighbors of u that are in T . Clearly,
Xu is a binomial random variable, and according to the Chernoff inequality we have
Pr(|Xu − E(Xu)| > λ) ≤ 2e−
λ2
3E(Xu) , 0 < λ < E(Xu).
Obviously, E(Xu) = 7.03 ln k. For each vertex u, defineAu to be the event that |Xu−7.03 ln k| > λ. By the Chernoff inequality
we have Pr(Au) ≤ 2e−
λ2
3E(Xu) . For each u,Au is mutually independent of allAv events but at most k2 of them. It is easy to see
that, for k ≥ 139,
21.09 ln k(1+ ln 2+ ln(k2 + 1)) < 49.4209(ln k)2.
Let k ≥ 139, and consider a λ such that
21.09 ln k(1+ ln 2+ ln(k2 + 1)) ≤ λ2 < 49.4209(ln k)2.
In view of the previous inequality, we have
2e(k2 + 1)e− λ
2
3E(Xu) ≤ 1.
Therefore, by applying the Lovász Local Lemma there exists a set T ⊆ V (G) such that, for every v ∈ V (G), Av does not
happen. Equivalently, there is a set T ⊆ V (G) such that, for every vertex v ∈ V (G), | degT (v)−7.03 ln k| ≤ λ. Consequently,
since 0 < λ < 7.03 ln k, for each vertex v ∈ V (G), we have 0 < degT (v) < 14.06 ln k. This implies that, for every
vertex u ∈ V (G), degT (u) > 0 and degV (G)\T (u) > 0. In other words, T is a double total dominating set. Note that
∆(G[T ]) ≤ 14.06 ln k, and therefore χ(G[T ]) ≤ ⌊14.06 ln k⌋ + 1. By the second part of Lemma 2, we have
χ2(G) ≤ χ(G[V \ T ])+ χ(G[T ]) ≤ χ(G)+ ⌊14.06 ln k⌋ + 1.
To complete the proof, we should show that, for any k-regular graph G such that k ≤ 138, χ2(G) ≤ χ(G)+⌊14.06 ln k⌋+ 1.
By considering Corollary 1, χ2(G) ≤ 2χ(G). Therefore, if χ(G) ≤ ⌊14.06 ln k⌋ + 1, then 2χ(G) ≤ χ(G)+ ⌊14.06 ln k⌋ + 1,
and the proof is completed. Now, we can assume that χ(G) > ⌊14.06 ln k⌋ + 1. Note that, for any connected graph G,
χ2(G) ≤ ∆(G) + 1 unless G = C5, in which case χ2(C5) = 5 (see [7]). By considering this result, it is readily seen that, for
any k ≤ 138, we have χ2(G) ≤ 2⌊14.06 ln k⌋ + 1 < χ(G)+ ⌊14.06 ln k⌋ + 1. 
Let G be a k-regular graph. In the proof of previous theorem, if we choose a constant c > 6 and set p = c ln kk , then there
exists a threshold n(c) such that, when k ≥ n(c),
3c ln k(1+ ln 2+ ln(k2 + 1)) < c2(ln k)2.
Now, if we assume that k ≥ n(c), and consider a λ such that
3c ln k(1+ ln 2+ ln(k2 + 1)) ≤ λ2 < c2(ln k)2,
then, by the same argument as the proof of Theorem 3, G has a double total dominating set T such that∆(G[T ]) ≤ 2c log k.
We restate this result in the next theorem.
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Theorem 4. For any c > 6, there is a threshold n(c) such that, if G is a k-regular graph with k ≥ n(c), then G has a total
dominating set inducing a graph with maximum degree at most 2c log k. For instance, if we set c = 7.03, then n(c) ≤ 139.
Set c > 6 be a constant. Let H be a k-uniform hypergraph with maximum degree at most k. Consider a random set
T ⊆ V (H) such that each vertex u lies in T with probability p = c ln kk , randomly and independently. Color the vertices in T
with blue and the vertices in V (H) \ T with red. Assume that, for each hyperedge f , the random variable Xf is the number of
blue vertices, i.e., the number of vertices in f that are in T . Clearly, Xu is a binomial random variable.With the same argument
as in the proof of Theorem 3, we have the next theorem.
Theorem 5. Let c > 6 be a constant. There is a threshold n(c) such that any k-uniform hypergraph H with maximum degree at
most k and k ≥ n(c) has a 2-coloring with colors blue and red such that the number of blue vertices in each hyperedge is at most
2c ln k.
We denote by

[m]
n

the collection of all n-subsets of [m]. The Kneser graph KG(m, n) is the graph with vertex set

[m]
n

, in
which A is connected to B if and only if A ∩ B = ∅. It was conjectured by Kneser [5] in 1955, and proved by Lovász [8] in
1978, that χ(KG(m, n)) = m− 2n+ 2.
For a Kneser graph KG(m, n), ifm ≥ 3n, then every vertex of KG(m, n) is in some triangles, and thereforeχ2(KG(m, n)) =
χ(KG(m, n)). But when m = 2n + t < 3n, the graph KG(m, n) is triangle free, and so the dynamic chromatic number of
KG(m, n) is still interesting. Let T = {A ∈ V (KG(m, n))|A ⊆ {t + 1, t + 2, . . . ,m}}. Obviously, the induced subgraph G[T ]
is a bipartite graph and T is a total dominating set. Note that c(B) def= min B is a t-coloring of the induced subgraph on
V (KG(m, n)) \ T . By Lemma 2, we have χ2(KG(m, n)) ≤ t + 4 = χ(KG(m, n)) + 2. Hence, Conjecture 1 is true for Kneser
graphs.
Corollary 2. Let G be a k-critical graph. If e(∆(G)2 −∆(G)+ 1) ≤ 2δ(G), then χ2(G) ≤ 2k− 2.
Proof. Assume that H is the hypergraph defined in the proof of Lemma 1. As in proof of this lemma, the hypergraph H is
2-colorable. Consider such a coloring of H with two colors, blue and red. Define T ⊂ V (G) be the set of all blue vertices. By
the definition of H , for each vertex v ∈ V (G), all the neighbors of v are neither in T nor in V (G) \ T . In other words, for each
vertex v ∈ V (G), degT (x) > 0 and degV (G)\T (x) > 0. Therefore, T is a double total dominating set in G. Since G is a k-critical
graph, χ(G[T ]) < χ(G) and also χ(G[V (G) \ T ]) < χ(G). By the second part of Lemma 2, the proof is completed. 
In the proof of the previous corollary, it is shown that, for a graph G, if e(∆(G)2−∆(G)+1) ≤ 2δ(G), thenH is 2-colorable,
and therefore G has a double total dominating set. This result can be generalized as follows.
Lemma 3. For a given graph G, let H(G) be a hypergraph whose vertex set is the same as the vertex set of G and its hyperedge
set is {N(v)|v ∈ V (G)}. The graph G has a double total dominating set if and only if H(G) is 2-colorable.
It was conjectured in [1] that, for any graph G, ch2(G) = max{ch(G), χ2(G)}. This conjecture was disproved in [4]. It was
shown in [4] that, for any integer k ≥ 5, there is a bipartite graph Gk such that ch(Gk) = χ2(Gk) = 3 and ch2(Gk) ≥ k.
The next theorem provides an upper bound for the list dynamic chromatic number of regular graphs in terms of their list
chromatic number.
Theorem 6. Let ϵ be a positive constant. If G is a k-regular graph, then, for large enough k, χ2(G) ≤ ch2(G) ≤ ⌈(1+ ϵ)ch(G)⌉
Proof. For convenience, let ch(G) = l. Without loss of generality, we can assume that G is not a complete graph. Letm ≥ l be
a positive integer and consider an m-list assignment L for G. For each vertex v ∈ V (G), choose a random l-set L′(v) ⊆ L(v),
uniformly and independently. For v ∈ V (G), suppose that Bv denotes the event thatu∈N(v) L′(u) ≠ ∅. It is readily seen
that Pr(Bv) ≤ m
 m−1
l−1

(ml )
k
= m  lm k. Also, Bv is mutually independent of all the other events Bu but those for which
N(v) ∩ N(u) ≠ ∅. Therefore, at most k(k − 1) events are not mutually independent of Bv . In view of the Lovász Local
Lemma, ifm is sufficiently large such that
ek2m

l
m
k
≤ 1, (1)
then there is a list assignment L′ such that, for each vertex v ∈ V (G), L′(v) ⊆ L(v), |L′(v)| = l and u∈N(v) L′(u) = ∅.
Obviously, ek2m
 l
m
k ≤ 1 if and only if l(elk2) 1k−1 ≤ m. Note that l ≤ k + 1, and therefore (elk2) 1k−1 −→ 1. Hence, there
is thresholdM(ϵ) such that, if k ≥ M(ϵ), then (elk2) 1k−1 < 1+ ϵ. Hence, if k ≥ M(ϵ) then m = ⌈(1+ ϵ)l⌉ satisfies Eq. (1).
Since, for every v ∈ V (G), |L′(v)| = l = ch(G), G has an L′-coloring c such that c(u) ∈ L′(u) ⊆ L(u) for each u ∈ V (G). Note
that, for every vertex v ∈ V (G),u∈N(v) L′(u) = ∅, and this obviously implies that c is a dynamic coloring of G. 
156 M. Alishahi / Discrete Applied Mathematics 159 (2011) 152–156
Acknowledgements
The author would like to thank Hossein Hajiabolhassan and Saeed Shaebani for their invaluable comments. Also, the
author is grateful to two anonymous referees for their helpful comments and suggestions.
References
[1] S. Akbari, M. Ghanbari, S. Jahanbekam, On the list dynamic coloring of graphs, Discrete Appl. Math. 157 (14) (2009) 3005–3007.
[2] Noga Alon, Joel H. Spencer, The Probabilistic Method, third ed., in: Wiley-Interscience Series in Discrete Mathematics and Optimization, John Wiley
& Sons Inc., Hoboken, NJ, 2008.
[3] P. Erdős, L. Lovász, Problems and results on 3-chromatic hypergraphs and some related questions, in: A. Hajnal, R. Rado, V.T. Sós (Eds.), Infinite and
Finite Sets, Keszthely, 1973, in: CMSJB, vol. 10, North-Holland, 1975, pp. 609–627.
[4] Louis Esperet, Dynamic list coloring of bipartite graphs, Discrete Appl. Math. 158 (17) (2010) 1963–1965.
[5] Martin Kneser, Ein Satz über abelsche Gruppen mit Anwendungen auf die Geometrie der Zahlen, Math. Z. 61 (1955) 429–434.
[6] Hong-Jian Lai, Jianliang Lin, Bruce Montgomery, Taozhi Shui, Suohai Fan, Conditional colorings of graphs, Discrete Math. 306 (16) (2006) 1997–2004.
[7] Hong-Jian Lai, Bruce Montgomery, Hoifung Poon, Upper bounds of dynamic chromatic number, Ars Combin. 68 (2003) 193–201.
[8] L. Lovász, Kneser’s conjecture, chromatic number, and homotopy, J. Combin. Theory Ser. A 25 (3) (1978) 319–324.
[9] Colin McDiarmid, Hypergraph colouring and the Lovász Local Lemma, Discrete Math. 167–168 (1997) 481–486.
[10] Xianyong Meng, Lianying Miao, Bentang Su, Rensuo Li, The dynamic coloring numbers of pseudo-Halin graphs, Ars Combin. 79 (2006) 3–9.
[11] B. Montgomery, Dynamic coloring of graphs, Ph.D. Thesis, West Virginia University, 2001.
[12] Carsten Thomassen, The even cycle problem for directed graphs, J. Amer. Math. Soc. 5 (2) (1992) 217–229.
